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Recently, the question of the nonlinear relation between various plas- 
ma oscillations has been the subject of much attention as a result of 
a series of circumstances. The most important of these is the fact that 
in the majority of experiments on beam instabilities [1, 2] the inten- 
sity of the oscillations excited is very large, so that nonlinear effects 
in the interaction of oscillations must be significant. It should be 
noted that beam instability is not the only method of exciting high- 
frequency plasma oscillations. As was shown in [3], very intense oscil- 
lations may also be excited by beams of transverse waves of various 
frequency ranges, among which are powerful light beams [4]. Finally, 
excitation is possible by means of shock waves [5] and large-amplitude 
waves propagating through a plasma. 

Nonlinear coupling of plasm a and low-frequency ion-sound oscillations 
leads, in particular, ~o the generation of the latter [u]. On the one 
hand, this is of interest as regards the problem of mrbuler~t heating 
of a plasma, since the absorption of ion-sound oscillations in a plasma 
is usually stronger than the absorption of plasma oscillations. On the 
other hand, ion-sound oscillations may bring about the acceleration 
of low-eaergy ions due m the effects of induced ~erenkov absorption 
and radiation of waves 0y ions, as considered in the work of  one of 
the authors [7]. Although plasma oscillati0ns accelerate particles 
more effectively [8], the injection conditions in the configuration 
for acceleration by plasma oscillations are very stringent v > v e. 
The number of ions wi~h such velo,:ity for small ion temperatures 
T i i~ small. Thus, the acceleration of ions will arise in this case as 
a resuk of the interaction of ion-sound oscillations until such time a s  
their velocity reaches values of the order v e. This question is of in- 
terest not only for the acceleration o; ions (heating) in the presence 
of  high-frequency turbulence created by beams of charged particles 
or as a result of the action of powerful radiation on a plasma, but also 
for the problem of neutron radiation from powerfut impulse discharges 
in a plasma and for a series of astrophysical problems. 

In what follows we consider a number of one-dimensional self-consis- 
tent problems regarding the interaction (decay and fusion) of plasma 
and ion-sound oscillations resulting from the induced Roman scatter- 
ing of the former by the latter. It is shown that the development of  
instability in a turbulent plasma with a high level of excited plasma 
oscillations leads both m the excitation of ion-sound oscillations, and 
also to the appearance in the plasma oscillation spectrum of satellites 
differing from the basic frequency Woe by a frequency of the order 
woi and with greater intensities for the lower frequencies. The quali- 
tative change of the ptasma osciltation spectrum may serve as an im-  
mediate indication of the excitation of ion-sound oscillations in the 
system. The results obtained allow one to trace the process of devel-  
opment of  instabilities. It is shown that in a plasma with a high level 
of ion-sound oscillations "violet" satellites are excited in the plasma 
oscillation spectrum, whiIe the intensities of the violet satellites have 
a tendency to level out and form a satellite plateau if the level of 
ion-sound waves is high enough, 

1. H i g h - i n t e n s i t y  p l a s m a  w a v e s  p r o p a g a t i n g  i n  a 

p l a s m a  b e c o m e  u n s t a b l e  w i t h  r e s p e c t  to  t h e  e x c i t a t i o n  

o f  i o n - s o u n d  w a v e s .  T h e  i n s t a b i l i t y  m e c h a n i s m  c o r r e -  

s p o n d s  t o  t h e  e f f e c t s  o f  i n d u c e d  d e c a y  a n d  f u s i o n  o f  

w a v e s .  B y  k 1 w e  s h a l l  d e s i g n a t e  t h e  o r i g i n a l  w a v e  n u m -  

b e r  of  t h e  p l a s m a  w a v e s ,  a n d  b y  k 2 a n d  k 3 t h e  w a v e  

n u m b e r s  o f  t h e  p l a s m a  a n d  i o n - s o u n d  W a v e s  i n t o  w h i c h  

t h e  o r i g i n a l  w a v e  d e c a y s .  T h e  c o n s e r v a t i o n  l a w s  f o r  

d e c a y  h a v e  t h e  f o r m  

k~ : :  k., + k~, o0L = o02 + ~o~. ( 1 . 1 )  

W e  s h a l l  m a k e  u s e  o f  t h e  d i s p e r s i o n  e q u a t i o n  f o r  

p l a s m a  a n d  i o n - s o u n d  w a v e s  

e 2 [T~ ~'A 
r 2 = Oo~~ 3 v ~ k ,  2, r 2 = 4 ~ - - n o ,  v~ = \;~-1 , 

Os2~ I -~ ~e~ks ~ ' Vs - -  \ m i  I \ m i  f 

T h e n  f o r  

t h e  s e c o n d  e q u a t i o n  o f  ( 1 . 1 )  m a y  b e  r e p r e s e n t e d  i n  t h e  

f o r m  

v I me~'/~ Ik l o.3)  

W e  s h a l l  a n a l y z e  t h e  c o n s e r v a t i o n  l a w s  ( 1 . 1 )  a n d  

( 1 . 3 )  f o r  t h e  o n e - d i m e n s i o n a l  c a s e ,  f i r s t  a s s u m i n g  

t h a t  k l ,  k2, k s  a r e  c o i l ] n e a r .  T o  b e  s p e c i f i c ,  l e t  k 1 > 

> 0. T h e n  i t  i s  c l e a r  f r o m  ( 1 . 3 )  t h a t  k 1 > Ik21; c o n s e -  

q u e n t l y ,  k 1 - -  k 2 = k s  > 0 t h e  s i g n  o f  t h e  m o d u l u s  o n  

t h e  r i g h t  s i d e  of  ( 1 . 3 )  m a y  b e  o m i t t e d ;  s h o r t e n i n g  t h e  

e q u a t i o n  to  k s m~d u s i n g  ( 1 . 1 ) ,  w e  o b t a i n  

k. = 2 (~, - h o), ko - ~ ~ )  �9 (1.4)  

I n  E q .  ( 1 . 4 )  w e  h a v e  n e g l e c t e d  t h e  t e r m  

m, y,,S ;%k s 

in  c o m p a r i s o n *  wi th  k s. The w a v e  n u m b e r  ks > 0; thus  
i t  fo l lows  f r o m  (1.4)  tha t  decay  p r o c e s s e s  a r e  p o s s i b l e  
i n  the  o n e - d i m e n s i o n a l  c a s e  on ly  fo r  lq > k0. 

T h u s ,  i f  t h e r e  i s  a n  i n i t i a l  n a r r o w  Ak~ < (2ko / k) .  

�9 (k~ - -  ko) s p e c t r u m  in  t h e  p l a s m a  w i t h  n u m b e r  of  w a v e s  

N z (k~) ,wher  e k 1 > 0 ,  t h e n  d e c a y s  a r e  p o s s i b l e  in  t h e  

o n e - d i m e n s i o n a l  c a s e  f o r  w h i c h  a n  i o n - s o u n d  s p e c t r u m  

w i t h  a n u m b e r  of  w a v e s  N s (ks)  a n d  a s p e c t r u m - s a t e l -  
l i t e  o f  p l a s m a  w a v e s  N ~ (k2), w h e r e  

k~ = 2 ( k l - - k o ) ,  k 2 = k ~ - -  k~ = 2 k o - -  k~. ( 1 . 5 )  

M o r e o v e r ,  if the  wid th  of the  s p e c t r u m  N ~ (k~) is  
equa l  to Akl ,  t h e n  the  s p e c t r a l  wid ths  N ~ (k,) and  N ~ (k.0 
w i l l  b e  e q u a l  to  hk~ = A k ,  Ak~ = 2Ak~ r e s p e c t i v e l y .  

S i n c e  k 1 > k0, i t  i s  c l e a r  f r o m  ( 1 . 5 )  t h a t  k 2 l i e s  i n  t h e  

i n t e r v a l  

* F o r  c a l c u l a t i n g  % ~ ~0~ w i t h  k~ ~ 2kL ~< l/h e a t  t h e  l i m i t  

o f  a p p l i c a b i l i t y  o f  ( 1 . 3 )  t h i s  t e r m  i s  s i g n i f i c a n t .  
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If the r e s u l t i n g  I k~l < ko, then f u r t h e r  decays  and the 
a p p e a r a n c e  of s a t e l l i t e s  wi th  a l ower  f r equency  a r e  f o r -  
b idden.  G e n e r a l i z i n g  f r o m  t h i s ,  we e a s i l y  conc lude  
that  if the in i t i a l  k 1 l i e s  wi th in  the l i m i t s  ko < k~ < 3k0, 
then  only one s a t e l l i t e  m a y  appea r .  F o r  3k0 < kl < 5k0 
t h e r e  m a y  be two s a t e l l i t e s ,  f o r  5k 0 < k~ < 7k0 ~ t h r e e  
s a t e l l i t e s ,  e t c . ,  and fo r  (2n --  t) k 0 ~ k ~  ~ (2n -4- t) k 0 
n r ed  s a t e l l i t e s  m a y  appea r .  

If ,  in addi t ion  to the given in i t i a l  n a r r o w  s p e c t r u m  
with wave n u m b e r  k~, t h e r e  is  a b r o a d  s p e c t r u m  of 
i on - sound  n o i s e s  in the p l a s m a  with  a su f f i c ien t ly  high 
leVel ,  fus ion  p r o c e s s e s  a r e  p o s s i b l e ,  l e ad ing  to the  
a p p e a r a n c e  of v io l e t  s a t e l l i t e s  with k~ = k t d .. ks, w h e r e  
[ k 2 1 >  I kl l  and,  consequen t ly ,  c%:> co 1. 

If we c a r r y  out the change of i nd i ces  t ~ 2 the ana l -  
y s i s  of the c o n s e r v a t i o n  laws  r e m a i n s  the  s a m e  as  b e -  
fo re .  

F o r  the t h r e e - d i m e n s i o n a l  t r e a t m e n t  we obta in  in-  
s t e a d  of (1.4) 

{k~l = 2 (k  l c o s 0 - k o ) ,  k~ = Ikll" (1.6)  

if ks  is  d i r e c t e d  at an angle  0 to k~, i . e . ,  d e c a y s  a r e  
a l lowed  when 

ko (1.7) kl > ko, cos 0 > cos 0 ~  = ~ .  

The a l lowed  angle is  

0 < 0ma~ = U~n 6 for I k~ l <~. ~/~'e, 6 = 21~ (m~ I mi)'/'. 

F o r  [ k~ ] --. k, d e c a y s  a r e  a l lowed fo r  0 ~ 0, i. e . ,  
o n e - d i m e n s i o n a l i t y  iS a u t o m a t i c a l l y  ensu red .  F r o m  
(1.6) i t  is  c l e a r  tha t  f o r  a g iven  k 1 d e c a y s  a r e  p o s s i b l e  
wi th  0 < l k s  (0) I < 2 (k 1 - -ko)[ ,  whi le  0 < 0 < 0ma.. F o r  
g iven  ki and 0 one m a y  e a s i l y  obta in  

[ k2 (0) [ = ]/(I k~ I--ko)~ + 4ko I k~ I (1 ~ cos0). (1.8) 

i. e. , I k2 (0) I a r e  p e r m i t t e d  wi thin  the  l i m i t s  

I k~ (0~a~) I ~ [k2 (0)] > [ k~ (0) f. (1 .9)  

2. We sha l l  now f ind  w m (Ks, K1, K~) the p r o b a b i i i t y  
of induced abso rp t i on  of the w a v e s  K 1 = tkl, o)1} and 
K~ = {k~, ~)~} and of r a d i a t i o n  of the w a v e  Ks - {k,, ~)~}. 

Within ~ the l i m i t s  of s m a l !  ene rgy  va lue s  of i0n-sound  
w a v e s  the e x p r e s s i o n  fo r  the  r a t e  of change  of th is  en -  
e r g y  in connec t ion  with  p l a s m a  wave d e c a y s  has  the  
f o r m  

OW s 0 (' o)sNS (ks) dks ~_dks(os V ~ 
ot - fit ,) ( ~  = J (2g) a LJ N i t  (kl) Ns t (ks) X 

X w ~i~ (Ks, Ki - -  K~) - -  w 'u (K,, ~ K~, K~)t dkldkl ,  
N (k) t 0e (~, k) ---~ ~ - E ~ .  (2.1) 

Th i s  e x p r e s s i o n  was  c o m p a r e d  wi th  the  e x p r e s s i o n  
obtaine~l in the  second  f i e ld  a p p r o x i m a t i o n  on so lv ing  
the k ine t i c  equa t ion  fo r  the  e n e r g y  c o n v e r s i o n  of ion-  
sound w a v e s  due to n o n l i n e a r  i n t e r a c t i o n  be tween  the 
p l a s m a  waves  

O W  s I / ~  "2" ODs(2) \ 
at = ~ \ r~"  ' ~i--t />" (2. 2) 

He re  the F o u r i e r  component  

E (2) 45ti e~176176 X 
~k, ,. ~8' (~, k) Yk,(~ I, ]k . . . .  8 $Imek~Ve ~ .... 

X f (E,,~,E,.~,) ~ 6 (kx + k, - -  k) g (r + oh - -  (~) • 

X dkl dk~ do)l d~)~. 

He re  N z (kl), N z (k~) and,  N '  (k~) a r e  the n u m b e r s  of 
p l a s m a  and ion - sound  waves  (with wave n u m b e r s  k 1, 
k2, and ks ,  r e s p e c t i v e l y )  a r r i v i n g  in Unit vo lume of 
p l a s m a .  

One m a y  e a s i l y  obta in  the e x p r e s s i o n  for  the p r o b a -  
b i l i t y  of the  decay  p r o c e s s  k 1 - .  k 2 + k~ by  c o m p a r i n g  
( 2 . 1 )  and (2.2) ( taking into c o n s i d e r a t i o n  tha t  w = w(k)): 

e2C%Smi (klk2)~ ~ (kl  - -  k2 - -  ks)  ~ X 
w m (Ks, K1, - -  K2) = 6@r klak~2 

3 Ve ~ x ( y - ~ o  (k~ - -  k,a) - -  l k, lv. ). (2 .3)  

H e r e  the  5 funct ion f a c t o r s  c o r r e s p o n d  to the con-  
s e r v a t i o n  of e n e r g y  and m o m e n t u m  in de c a ys .  We note 
tha t  c e r t a i n  qua l i t a t ive  e s t i m a t e s  and c r o s s  s e c t i o n s  of 
decay  p r o c e s s e s  w e r e  obta ined  in [9], and tha t  the  l a t -  
t e r  d i f f e r  f r o m  (2.3) by the f a c t o r  1 / ~ k : ~  = (r / 0(o) -1. 

We sha l l  e s t i m a t e  the  i n c r e m e n t  of p l a s m a  wave in -  
s t a b i l i t y  f o r  decay  to ion - sound  and p l a s m a  waves  with 
l o w e r  f r e q u e n c m s  and wave  n u m b e r s .  

F o r  an o r d e r  of magni tude  e s t i m a t e  of the  i n c r e m e n t  
of i on - sound  wave g e n e r a t i o n ,  fo r  e x a m p l e ,  we may 
use  the e x p r e s s i o n  

i ON s (ks_) 
T' (k,) ~ ~-(k,) Ot 

i N~ (ki) w 'u (Ks, KI,~K2) dkl dk~. (2.4) 

Set t ing the  e x p r e s s i o n  f o r  w s l l  in (2 .4) ,  and t ak ing  
the s p e c t r u m  N l (kl) to be o n e - d i m e n s i o n a l  and f a i r l y  
n a r r o w  we obta in  

~" (k,', kl) = 

:,oo (2~?/ [ i (k~_--ks ~o~0)~ _1 
4"-8 m ~  ,mi / / 'Nz(k l )  ~ ( k , - - k .  cosO)'+ks'sin'OJ ' 

k , = 2 ( k l C ,  S0 k0), 

__ klks k0 cosO-- ~ ~ - ~ ,  k l =  I kl l, k, = [k,[. (2.5) 

F o r  a g iven  k 1 the  e x p r e s s i o n  in b r a c k e t s  had a 
m a x i m u m  f o r  cos 01 = k0 ! k~ and the i n c r e m e n t  of decay  
i n s t a b i l i t y  i s  in  o r d e r  of magn i tude  s o m e w h a t  l e s s  for  
the o n e - d i m e n s i o n a l  (by a f ac to r  of kt/k0) than fo r  the  
t h r e e - d i m e n s i o n a l  case*:  

T, u ~ ~x e~c00 (m~)V.~:., ~kl) k~ -~ 3 k0 W *,(2" 6) 

w h e r e  W l in the  to ta l  e n e r g y  of the s p e c t r u m  N l (lq). 
We s h a l l  now c o m p a r e  the decay  i n s t a b i l i t y  i n c r e -  

m e n t  wi th  the  i n c r e m e n t  c h a r a c t e r i s t i c  of the t r a n s f e r  

*It m u s t  be  kept  in mind  tha t  the  m a x i m a l  i n c r e m e n t  
c o r r e s p o n d s  to L k, - 0. i . e . ,  v i r t u a l l y  to the  a b s e n c e  
of decay .  



J O U R N A L  O F  A P P L I E D  M E C H A N I C S  AND T E C H N I C A L  PHYSICS 11 

of e n e r g y  o v e r  the  s p e c t r u m  of n o n - o n e - d i m e n s i o n a l  

l o n g i t u d i n a l  w a v e s  (see  Eq.  (12) [10]) 

Tm ~ (2n)'/, ,n~novJ" ' vr ~ = ~" (2 .7)  

We f i n a l l y  ob t a in  

ll  

~r.)~u 64 akk~ (~'~k~)a" (2.8)  
")'max 3 (2g) % 

I t  can  e a s i l y  be  s e e n  tha t  

yu /~e~u ~ I f o r  kx~l/~e, Ak/kx~l.  (1} ~ tmax 

In the one-dimensional case 

C o n s e q u e n t l y ,  

T h u s  the  p r o c e s s e s  u n d e r  c o n s i d e r a t i o n  p r o c e e d  
m o r e  r a p i d l y  than  the  p r o c e s s e s  of s p e c t r a l  t r a n s f e r  
of l o n g i t u d i n a l  p l a s m a  w a v e s .  

The mutual interaction of generated acoustic oscillations will also 
be of little significance. Thus estimates show that for acoustic oscilla- 
tion energy such as is attained as a result of the development of a first 
satellite of the order W ~ ~ W 1%/t00 (see �82 6), the characteristic 
ion-sound wave interaction time is greater by a factor of 

(rn i / me)(k / Ak)(i / k~.e). 

than the characteristic time for development of the instability under 
consideration. 

3. The  b a s i c  e q u a t i o n s  d e s c r i b i n g  o s c i l l a t i o n  i n t e r -  
a c t i o n s  as  a r e s u l t  of d e c a y  p r o c e s s e s  m a y  be  found by 

c o n s i d e r i n g  a l l  p o s s i b l e  i n d u c e d  t r a n s i t i o n s  a r i s i n g  in 
the  p l a s m a  due to the  p r e s e n c e  of d e c a y s  d e s c r i b e d  by 
t h e  p r o b a b i l i t y  found a b o v e ,  and a l s o  of t h e i r  r e v e r s e  
p r o c e s s e s ,  w h o s e  p r o b a b i l i t i e s  m a y  e a s i l y  be  found 
f r o m  the  p r i n c i p l e  of b a l a n c e  [11] 

ON ~ (k.) i Art N~ [w*~Z Ot -~  (k~) (k,) dk~dk, (Ks,--.K~, K~) + 

+ w 'u (K,, Ka, --K, ,)]  + N '  (ks) l N~ (kx) dk~ • 

• i dk~ [w ~zt ( K , ,  K~,  - -  K~) - -  w *u (K~, - -  K I , . K ~ )  ] + 

+ N '  (k~) f Nt (k2) dk~ • 

• i dk~ [w ~u (Ks, - -  K~, K~) - -  w 'u (K,, KI, - -  K~)], 

ON z (k0 
at - i N~ (k~) N ~ (k~) dk~ dk~ [w ~n ( K , ,  K~, - -  K2) + 

+ w'n ( K , , - - K a ,  K~)] + N ~ (k~)IN"(k,)  dk, • 

• Idks  [ - - w  'n (K,, K1, - -K~)  - - w  'u (K,, - -K~ ,  K~)] + 

+ N t (kx) i Art (ks) dk. • (3 .1)  

X f dk, [w ~zz (K~, - -  K~, K~) - -  w "u ( K , ,  Kx ,  - -  K~)], 

ON l (ks) 
Ot = I  N ' ( k ~ ) ' N t ( k l ) d k t d k ~ [ w ~ u ( K ~ ' - K l ' K 2 ) +  

+ w 'u (Ks, K1, - - K  01 + N l (k~) l N '  (ks) dk, X 

• fdk~ [ - - w  ~u (K~, - -  Kt, Ks) - - w  'u ( K . ,  K , ,  - -K~)]  + 

+ N ~ (k~) f N~ (k~) dk~ • 

• I dk~ [w ~n (K~, K1, - -  K~) - -  w ~u (K,, - -  K t .  K~)]. 

The  law of c o n s e r v a t i o n  has  the  f o r m  

d 
d.--~ [ f  ,'Vl (k l )  mol d k l  -~ f N l  (k2) o~o2dk2 + 

(3 .2)  

We s h a l l  i n t r o d u c e  the  o n e - d i m e n s i o n a l  d i s t r i b u t i o n  
f u n c t i o n s  

l N~ (kl) dkl• = (2n) 2 ~ N z (kl) = (2n) ~ N (kl), 
kl.L 

(N z(kd, N,(k,}, by  ana logy} .  

We s h a l l  con f ine  o u r s e l v e s  to the  o n e - d i m e n s i o n a l  
p r o c e s s ,  w h i c h  w i l l  d e v e l o p  if the  i o n - s o u n d  and p l a s m a  
n o i s e s  n e c e s s a r y  to " s e e d "  the  p r o c e s s  and c a u s e  the  
s y s t e m  to p a s s  to s t a t e s  of u n s t a b l e  e q u i l i b r i u m  h a v e  a 
o n e - d i m e n s i o n a l  c h a r a c t e r .  

We s h a l l  d w e l l  on  the  q u e s t i o n  of the  n o n l i n e a r  c o u p -  
l ing  of two n a r r o w  s p e c t r a .  I n t e g r a t i n g  s y s t e m  (3.1)  
w i t h  a c c o u n t  f o r  the  e x p r e s s i o n  f o r  the  p r o b a b i l i t y  (2.3), 
we  can  r e d u c e  the  p r o b l e m  to a s y s t e m  of f i r s t - o r d e r  
e q u a t i o n s  

ON# ._ cr (N2ZN 8 - -  N l t N  ~ - -  NI~N~'),  N z (kl)  -~ N1 z 
ot 

ON2Z = - -  a (N~ZN ~ - -  N l t N  ~ - -  N1ZN21), N '  (k~) =_ N~ t 
Ot 

ON ~ a (N2ZN, __ N l t N  ~ __ NllN1t), N" (k,) _= N '  
O--t- = - - - g -  

a, - -  24meSveS~, e \ r a i ]  = 32hombre s .  

I t  m a y  e a s i l y  be  v e r i f i e d  tha t  the  c o n s e r v a t i o n  law is  
f u l f i l l e d :  

d ; l  
~ [A1 0~01Akx + N~o~o2Ak~ + N%~shks] = 0. (3 .4)  

S y s t e m  (3.3)  has  the  i n t e g r a l s  

N1 z + N2 ~ =- A, N1 ~ + 2N ~ = B. (3 .5)  

4. We shall consider the question of the generation by a narrow 
spectrum of plasma w a v e s  N1 / of a spectrum of acoustic waves N s 
and of a single red spectral-satellite N~ l e [ k~ I < I kl 1, which will be 
realized if, for example, at the initial moment t = 0 there is no ion- 
sound wave field N s~ = 0 and a small number of "seeding" quanta 
N2 t~ ~ Nt~ are present. Substituting (3.5) in (3.3) we get, assuming 
A = N1 l~ + N ~ / I I , B = N 1 / ~  

ONll ~ (4Nlt - -  N]~ ( N1 '~ - t 2  N , '~  �9 (4. Ot - - -  N1 + -g  1) 

Everywhere in the calculations we have neglected Ns t~ in compari- 
son with Nt ;~ with the exception of the term in the second bracket, 
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since it is indispensable for the system to pass from the state of unsta-  

ble equ i l ib r ium,  It is c lear  from expression (4.1)  that  as a result of the 

deve lopment  of an ins tabi l i ty  the system of two l ines  wi l l  pass to a 
state with N1 ~ =1/4 N~ t~ N~lC~=s/a NI/~ NS~ 3/a N1 l~ 

The solution of (4 .1)  has the form 

i * N J ~ 1 7 6 1 7 6  (4.2)  
N / ( t ) = N a  l~ 4NjO ~ N~'l 

We note that  the process of spectral  redistr ibution of waves does not 
depend on k x for k ~ l / 2  ~'e for k ~ t / 2 ~ ,  e the inc rement  c~ changes to 

e ( l  + 4 1,.~ )~e2), i . e . ,  the transfer slows down. A considerat ion of the 

process of the formation of a s ingle  red sa te l l i t e  is justif ied by the fact  
that  such a process is an "e l emen ta ry  c e i l "  of the compl i ca t ed  process 

of the evolut ion  of any broad one -d imens iona l  spectrum of p lasma 
waves in the presence of a suff ic ient ly  low noise l e v e l .  

_ e 

Fig. i 

5. We shal l  consider the problem of the growth of a s ingle v io l e t  

sa te l l i t e  N~ l of  a g iven  narrow bas ic  spectrum, designated by Nz l, when 

there is a high l eve l  of ion-sound waves in the p l a sma .  Without res t r ic t -  

ing the gene ra l i t y  of the argument ,  we may  assume that  kz l ies  in the 

l imi t s  t / )~e~  k e ~  k0, and that  the wave number of  the v io i e t  sa te l l i t e  

k~> ko. We may  then use the same system (a. 3), whi le  for the appear-  

ance  and growth of a v io le t  sa te l l i t e  with k~= 2ko-- kl we must have  

present in the spectrum N s (k~) waves with 

k s = k 1 -- k2 = 2 ( k o - - k : ) > 0 ,  

We note that  for [ kz I < k0 two v io le t  sa te l l i t es  (on fusion with ion-  

sound waves) with direct ions pa ra l l e l  and an t ipa ra l l e l  to that  of k z may  

be formed. De te rmin ing  the constants A and B in the integrals  (3 .5)  in 
accordance  with the problem under considerat ion 

N ]  + N ~  ~ = N= t'', N~  ~ + 2N ~ - 2N ~~ (5 .1)  

we obta in  a further equa t ion  for Nil, se t t ing (5, 1) in (3.3),  

0N2 l 
Ot = - -  "-~ [4 ( N ~ )  0" + N~ l (4N ~~ - -  5 N ~ / ~  + 

+ .%]o (.V,o _ 2N~O)l" (5 .2)  

For t = 0 the expression in square brackets  is posi t ive,  and so N~ l 

begins to decrease  to the value  N~ ~ '  The equat ion  for 1] = Ne l~ / N~ l'~, 

corresponding to a zero on the right side of (5.2),  wi l l  then assume the 

form 

~ l ~ . / - q ( ~ - - ~ / ~ ) - l - V , ~ ( t . 2 3 ) = 0 ,  ,r3::NS~ ~ (5 .3)  

The solut ion is 

n = ' / s [ 5 - - 4 3 +  V ( 5 - 4 1 9 ~ + l s ( 2 5 - U ] .  (~.4)  

The root is t aken  with a plus sign outside the radical ,  s ince the 

r a t i o N / ~  t~ becoming  less than  I, a t ta ins  a s table  value 71, and 
for N2 ~ / N z t " < ~ l  the inc rement  changes  sign and Nz l does not suffer 

any further change;  however, the other root o f~2.4)  is always tess 

than ~?. Figure 1 i l lustrates the relationships 

N11c~ N sc~ }1, (3)  
n = n @ ,  V ( 3 ) =  N;O - l - - n @ ,  ~(?) - ~ = 1 - -  -,,~ . 

For NS~ N~J ~ almost  ha l f  a quantum of the or ig ina l  spectrum passes 

to the v io l e t  sa te l l i t e  "q = I V 2 I c c / N =  l~ --~ 0.5, i . e . ,  an evening  out of 

the spectra takes p lace .  If the spectrum N s is broad enough and the 

process of formation of a second v io le t  sa te l l i t e  proceeds further, tlmu 

there is c l ea r ly  a tendency for them to l eve l  out with regard to nurv, bers 
of waves and to form a "sa te l l i t e  p la teau . "  Since ~(13) ~ Va for [~ . 0, 
for suff ic ient ly  smal l  N s~ only a third of the ion-sound waves takes part 

in fusion with p lasma waves (and for large N s~ an even smal le r  portion).  
For NS~ ~ one may  p r ac t i c a l l y  assume that N s is independent  of 
t ime .  

In conclusion, we may  ment ion  that  sound waves responsible for the 
appearance  e f  v io le t  sa te l l i t es  may  not a u t o m a t i c a l l y  be formed on the 

decay  of N 2 with the formation of a red sa te l l i te ,  since these waves cor-  

respond to various direct ions k s. We also note that  if  I k2 1 > k0, then, if 

a g iven  corresponding N s~ is present at the in i t i a l  moment ,  we may  re- 

str ict  ourselves to considering one v io l e t  sa te l l i t e  only, without  the 
s imul taneous  formation of red ones, only in order to c lar i fy  the nature 

of  the basic  processes involved in a complex  system of l ines whose evo-  

lu t ion is in rea l i ty  described by a system of coupled equations.  

6. We shal l  now consider the process of evolut ion of three lines: 

the basic  l ine g iven  at the in i t i a l  moment  N1/,  and the two correspond- 
ing to the red sa te l l i t es  N2 l and Ns 1. 

For k ~ )  3k0 in accordance  with the laws of conservation, such a 

process may  be rea l i zed .  The wave number  corresponding to the first 

sa te l l i t e  is k~= 2k0-- k,, and to the second k s=  k~-- 4k0. 

We note that  for a one -d imens i ena l  t r ea tment  the spectra N~ and N~ 
associated with the t rans i t ionsN~ZZ N2 t and N,~ z ~ - N / , d o  not overlap, 

s ince kst and ks2 are of different  signs. 
Analysis also shows that the waves of the spectrum N~ cannot result in 

the appearance  of yet  another l ine,  dis t inct  from the three under consid-  

erat ion,  by fusion with waves from Ns l, even for a wide in i t i a i  spectrum 

N / .  

�9 .#..b" . . . .  " ~  

".,, 

s : 

~ z  - i .... i . . . . .  i 

{ i i 
e /  . . . . .  ! - . . . .  [ 
0 ~21 J2 s d~ ~5 OY 

Fig. 2 

In the t h r ee -d imens iona l  case N~ and N~ may  overlap for speci f ic  

angles,  and the picture  w t l l b e  more compl i ca t ed .  The system of equa-  
tions for a process with two red sa te l l i t es  N2 l , Ns l and a ~ ~ i \ cn  basic 

l ine NIl has the form 

ONll  = a (N21N1 ~ - -  N l t  N t  s - -  N ] N 2 I ) ,  OA'=l 
a t  o t  -- 

= - -  a ( N ~ I N I  ~ - -  NlZN1 ~ - -  N ] N , , ] )  + :x (NalN.z  s - -  N21N.2 " - -  N~IN;]) ,  

ON,  �9 
O N J  = _ a (Ns~N~ ~ - -  A',,]N~ ~ - -  N,.,~fVsl), - O i - := 

Ot 

i f ,  
= - -  ~ -  (N~IN1 ~ - -  N~ZNx ~ - -  N I lN=I ) .  

O N e  a 
---0}-- . . . . .  ,2 (NJN. , , "  - -  N~QV2 s - -  No]N3~). (6. 1 / 
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The system (6.1) has three integrals 

N1 t + N~ ~ + Nn t ~- eonstx = Nx t~ (6 .2 )  
N~ ~ + 2N~ s = const~ = Nx lO + 2N~ s~ N~ l - -  2N~ s = const~ = --  2N~ s~ 

We* shall assume that 

N~ m = N x  s ~  N ~~ t~ ('for t = 0 )  

(it is necessary, however, that for the process to start N ~~ ~ 0, and take 
the quantities N~ to and NJ ~ equal to zero. Using (6.2). we obtain the 
system 

ON= t 
Ot - -  2 [ -  4N~Z (N~t + 2Nat) + Nil~ (Nal + aNal) + 2Nlt~176 

(6.3) 
ON~ t a 

Ot = 2- [Nal ( 3N~t --  N~) + 2NS~ ( N~t - -  N~t)J" 

Setting the square brackets equal to zero, we obtain that in the 
final state N, tm= 2/,~ NJO, N j  ~ = ~/i4 Nt  m' Na I~176 = ~/14 Nx t~ N1 s~ = 

= ~h* N ]  ~ N2 s~176 = ~/~ Nx t~ i. e. ,  there is a tendency for any spectrum 
of longitudinal waves to "creep" into the red region. 

Eliminating time in (6.3), we obtain an equation for sufficiently 
pronounced Y~ = V* r / A']" and W = N a  t / NI  lO (i. e. ,  neglecting N s~ 
everywhere) 

d?ll Yx (3 -- 4yt) + Ye (l -- ~yl) (6.4) 

An approximate solution of this equation has the form (Fig. 2) 

0.004 )% - { - ~ - - 7 7 - ,  't)'(~6'0"074 =0.750--0.742 ~(-~--2 --0.952q2. , . ,u~--v~ (6.5) yl 

Here the initial point is chosen so that b~" - g2 ~ := 0.004. 
We may conclude from the form of the function Y*(h) that the first 

satellite increases sharply, at first attaining the value ylm, • = N~ l , , ,x  

/N1 ~~ = 0.68 for Y2 = 0.043. At this stage the increase of the second is 
vanishingly small; subsequently, N2 l begins to decrease in connection 
with the growth of the second satellite, which becomes the most intense. 

7. We shall ccnclude with the case when the initial spectrum N/(k,) 
corresponds to kt L~-4/,'n and the width A/t', ~ 4k~,. Mathematically, the 
problem is fairly complicated; we may base a qualitative discussion on 
the results already obtained. 

Waves of any small portion Ak, of the spectrum N~ l+ (k,), correspond- 
rag, for example, to #~ ~ 0, will create a satellite at the portion P,k 2 
with &:: 2ko -- kt ~ 0, and this ensures the increase of the number of 

a waves at the portion close to k~-- 4k,~. Since kk~>~ko ,  we get the follow- 
ing picture: the spectrum N,/+ will create a spectral-satellite Ng l" 
of the same width with wave numbers of opposite sign. Both spectra 
will spread, being displaced to th~ region of wave numbers of smaller 
modulus (and frequency). In this process individual waves will pass 
many times from NI/+ to Na l- and back again, decaying with each 

transition to an ion-so,uld wav~ and a plasma wave (of lower frequency 
and opposite direction), gradually losing their energy in the excitation 
of ion-sound waves and approaching the value of the wave number k 0. 
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