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Recently, the question of the nonlinear relation between various plas-
ma oscillations has been the subject of much attention as a result of

a series of circumstances. The most important of these is the fact that
in the majority of experiments on beam instabilities [1, 2] the inten-
sity of the oscillations excited is very large, so that nonlinear effects
in the interactior: of oscillations must be significant. It should be
noted that beam instability is not the only method of exciting high-
frequency plasma oscillations. As was shown in [3], very intense oscil-
lations may also be excited by beams of transverse waves of various
frequency ranges, among which are powerful light beams [4]. Finally,
excitation is possible by means of shock waves [5] and large-amplitude
waves propagating through a plasma.

Nonlinear coupling of plasma and low-frequency ion-sound oscillations
leads, in particular, to the generation of the latter [v]. On the one
kand, this is of interest as regards the problem of turbulent heating

of a plasma, since the absorption of ion-sound osciilations in a plasma
is usually stronger than the absorption of plasma oscillations. On the
other hand, ion-sound oscillations may bring about the acceleration
of low-energy ions due to the effects of induced Cerenkov absorption
and radiation of waves by ions, as considered in the work of one of
the authors [7]. Although plasma oscillations accelerate particles
more effectively [8], the injection conditions in the configuration

for acceleration by plasma oscillations are very stringent v > vg.

The number of ions with such velocity for small ion temperatures

Ty is small. Thus, the acceleration of jons will arise in this case as

a result of the interaction of ion-sound oscillations until such time as
their velocity reaches values of the order ve. This question is of in-
terest not only for the acceleration of ions (heating) in the presence
of high-frequency turbulence created by beams of charged particles
or as a result of the action of powerful radiation on 2 plasma, but also
for the problem of neutron radiation from powerful impulse discharges
in a plasma and for a series of astrophysical problems.

In what follows we consider a number of one-dimensional self-consis-
tent problems regarding the interaction (decay and fusion) of plasma
and ion-sound oscillations resulting from the induced Raman scatter-
ing of the former by the latter, It is shown that the development of
instability in a turbulent plasma with a high level of excited plasma
oscillations leads both to the excitation of ion-sound oscillations, and
also to the appearance in the plasma oscillation spectrum of satellites
differing from the basic frequency wye by a frequency of the order
wyi and with greater intensities for the lower frequencies. The quali-
tative change of the plasma oscillation spectrum may serve as an im-
mediate indication of the excitation of ion-sound oscillations in the
system. The results obtained allow one to trace the process of devel-
opment of instabilities. It is shown that in a plasma with a high level
of ion-sound oscillations "violet" satellites are excited in the plasma
oscillation spectrum, while the intensities of the violet satellites have
a tendency to level out and form a satellite plateau if the level of
ion-sound waves is high enough.

1. High-intensity plasma waves propagating in a
plasma become unstable with respect to the excitation
of ion-scund waves. The instability mechanism corre-
sponds to the effects of induced decay and fusion of
waves. By k; we shall designate the original wave num-
her of the plasma waves, and by k, and k; the wave
numbers of the plasma and ion-sound waves into which
the original wave decays, The conservation laws for

decay have the form

k, - k, + ks, @y = Bgp 7+ Ws.

1. 1)
We shall make use of the dispersion equation for

plasma and ion-sound waves
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the second equation of (1.1) may be represented in the
form
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We shall analyze the conservation laws (1.1) and
(1. 3) for the one-dimensional case, first assuming
that ky, ky, kg are collinear. To be specific, let ky >
> 0. Then it is clear from (1. 3) that k; > |k,|; conse-
quently, ky — k, = kg > 0 the sign of the modulus on
the right side of (1.3) may be omitted; shortening the
equation to kg and using (1. 1), we obtain
. 1.4

k=2 (ki — ko), ko =

A
B i)
In Eq. (1.4) we have neglected the term

mo \'e Aok
iy / 3

koh2k2 =k

in comparison* with kg. The wave number kg > 0; thus
it follows from (1. 4) that decay processes are possible
in the one-dimensional case only for k; > k,.

Thus, if there is an initial narrow Ak, < (2k,/ k)-
- (k, — ko) spectrum in the plasma with number of waves
Nt (k;),where k; > 0, then decays are possible in the
one-dimensional case for which an ion-sound spectrum
with a number of waves N® (kg) and a spectrum-satel-
lite of plasma waves Nt (k,), where

e = 2 (ky — ky), ky = ky — ke = 2k, — ky. (L. 5)

Moreover, if the width of the spectrum N! (k,) is
equal to Aky, then the spectral widths N! (k) and N (k.)
will be equal to Ak, = Ak,, Ak, = 2Ak, respectively.
Since ky > kg, it is clear from (1. 5) that k, lies in the
interval

1 he € kg < By,

*For calculating o, ~ oy With &, ~ 24 < 1/4, at the limit
of applicability of (1. 3) this term is significant.
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If the resulting | k,| < k,, then further decays and the

appearance of satellites with a lower frequency are for-

bidden. Generalizing from this, we easily conclude
that if the initial ky lies within the limits k, <k, < 3k,,
then only one satellite may appear. For 3k, < k; < 5k,
there may be two satellites, for 5k, <k, <C 7k, — three
satellites, etc., and for 2n — 1) kg <7k, < (2n + 1) k,

n red satellites may appear. '

If, in addition to the given initial narrow spectrum
with wave number k¢, there is a broad spectrum of -
ion-sound noises in the plasma with a sufficiently high
level, fusion processes are possible, leading to the
appearance of violet satellites with k, = k, 4 k,, where
| kot > |k, | and, consequently, o, > o,.

If we carry out the change of indices 1 <=2 the anal-
ysis of the conservatlon laws remains the same as be-
fore.

For the three-dimensional treatment we obtain in-
stead of (1. 4)

|ks| = 2 (k; cos @ — k),

ky = |k (1.6)

if kg is directed at an angle 0 to ky, i.e., decays are
allowed when

by > kg, ¢086 > ¢08Bpax = 0. 1.7

151
The allowed angle is

B < emax = .1/275 — & for Ik} ok, 8 =y (me [ mi)',

For |k1| -k, decays are allowed for  — 0, i.e.,
one-dimensionality is automatically ensured, From
(1.6) it is clear that for a given ky decays are possible
with 0 <7 |k, (6) | < 2 (k; — ko) |, while 0 < 8 < Opax. For
given ki and 6 one may easily obtain

\ky 8) | = V (K1 [—Ko)® + 4ko | Ka | (T —co0sB).  (1.8)
i.e., |k, (8) | are permitted within the limits
1 Kg (Brmax ) | > | k2 (8) | > | k3 (0) | 1.9)

2. We shall now find v (K., K,, K,) the probability
of induced absorption of the waves K, = {k;, w,} and
K, = {k,, w,} and of radiation of the wave K, = {k,, ;}.
Within the limits of small energy values of ion-sound
waves the expression for the rate of change of this en-
ergy in connection with plasma wave decays has the
form

G = 53 e = st [ W ) V! )
xwt (K, Ki—Kp) — w™ (K, — K1, Ko) | dkuds,

N(k) 1 5,0 (mk)
C@ap T kn KT e

2.1)

This expression was compared with the expression
obtained in the second field approximation on solving
the kinetic equation for the energy conversion of ion-
sound waves due to nonlinear interaction between the
plasma waves '

(2. 2)

w1 < (2)6D3(2)>'
ot h4n B

Here the Fourier component
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Here N' (k)), N (k,) and, N*(k;) are the numbers of
plasma and ion-sound waves (with wave numbers ky,
k,, and ks, respectively) arriving in unit volume of
plasma,

One may easily obtain the expression for the proba-
bility of the decay process k, — k, -+ k; by comparing
(2.1) and (2. 2) (taking into consideration that w=w(k)):
€20 3m;

(kiks)?
S o kg O 1 — ks — i) 8 X

X (g2 (b — k) — [ v,)

wsll (Kh K11 —K2) =

(2.3)

Here the 6 function factors correspond to the con-
servation of energy and momentum in decays. We note
that certain qualitative estimates and cross sections of
decay processes were obtained in [9], and that the lat-
ter differ from (2. 3) by the factor 1,k 22 = (0de / do)™ .

We shall estimate the increment of plasma wave in-
stability for decay to ion-sound and plasma waves with
lower frequencies and wave numbers,

For an order of magnitude estimate of the increment
of ion-sound wave generation, for example, we may
use the expression

10N (k)
L e e

- Szvl (k) w (K, K1,~—Ky) dk, dks . @. 4)
Setting the expression for wSIl in (2. 4), and taking
the spectrum NZ (k;) to be one- d1mensmna1 and falrly
narrow we obtain
T‘ (k.., kl) —
_ 2
48 me2ve 8

nie ! (ki —kgcos B
( ) N (k) [ €080 (k1—k, cos 6)’—|—k *'sin? 9]

ko= 2 (ks cos0—k),

c0s8 =22 > 2, k= ka |,k = |k, . 2. 5)

For a given ky the expression in brackets had a
maximum for cos 0, =k, / k, and the increment of decay
instability is in order of magnitude somewhat less for
the one-dimensional (by a factor of ky/k;) than for the
three-dimensional case*:

sl o W€ ("‘_&)'/’ V) B 3 o
Tinax ™ 16 mos \m; N' (k) e = & XKy —,;n:;e—,s( .6)

where W! in the total energy of the spectrum N¢ (k).
We shall now compare the decay instability incre-
ment with the increment characteristic of the transfer

*Jt must be kept in mind that the maximal increment
corresponds to |k,|=0, i.e., virtually to the absence
of decay.
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of energy over the spectrum of non-one-dimensional
longitudinal waves (see Eq. (12) [10])

Lide v o
1 _ Ve, L 20,
Ty = (2n) @) mengy (uw1> ! Yo Ikq | (2.7)

We finally obtain

"
T 64 ( h
= 5 1)
Tmax 3 (2m)" "

(2.8)

It can easily be seen that
Tii}/'{frlllax <1 for k<€A /he, Akjl1 <€ 1.
In the one-dimensional case
T = Yl (kahe)?,
Consequently,

5 Akl

Tié)/’rs” (2 )n/z ( ef 1) (2' 9)

my A\
(7@) <1
Thus the processes under consideration proceed
more rapidly than the processes of spectral transfer

of longitudinal plasma waves.

The mutual interaction of generated acoustic oscillations will also
be of little significance. Thus estimates show that for acoustic oscilla-
tion energy such as is attained as a result of the development of a first
satellite of the order W ~ W' @ /wo (see 16), the characteristic
ion-sound wave interaction time is greater by a factor of

(my [ m)(k | AR)(4 [ kD).
than the characteristic time for development of the instability under

consideration,

3. The basic equations describing oscillation inter-
actions as a result of decay processes may be found by
considering all possible induced transitions arising in
the plasma due to the presence of decays described by
the probability found above, and also of their reverse
processes, whose probabilities may easily be found
from the principle of balance [11]

Wl SN‘ (k) N? (k) dkydlky [ (K, — Ky, Ky) +
+ v (K,, Ky, —K3)] + N° (ks)SN‘ (ky) dky %
% Sdk2 [w (K,, Ky, — Ky) —w' (K,, — Ky, Ky)] +
+ N (k) |V (k) ks 3¢
% Sdk1 [ (K, — Ky, Ky) —wt (K,, Ky, —Ka)],

aN! (kx)

SNS (k) V! (kp) dky dky [ (K, Ky, — Ky) +
+ " (K — Ky, Ky)] 4 N (k) |V (k) dk,

x s [— " (K, K, — Ko) — ™ (Ko, — Ky, Ko)] +

+ Nk )N’ (kp) dks % (3.1)

x \dk, [ (K, — K, Ko) —w™ (K, Ky, — Ka)],

N’ (ke)
at

= [V (i) N (k) ey i, [0 (K, — K, K)o+

+ w (K, Ky — Kn)] + N (I) |V (k) dk,
» Sdkl [— 'l (K,, — Ky, Ky) —w™ (K., Ko, —K3)] +
+ N () { V! (ky) e ¢

x [ (Ko, Ky, — K3) — 0¥ (K, — Ko, Kol
The law of conservation has the form

2 [V V! () w0 ey 4+ { V1) g ey +

+ \’V (k) @, dk,] =0 (3.2)

We shall introduce the one-dimensional distribution
functions

S Ni(ky)dky = (2m)2 DN (ky) - (212 N (ky),

kot

(N(ka), N(ks), by analogy).

We shall confine ourselves to the one-dimensional
process, which will develop if the ion-sound and plasma
noises necessary to "seed" the process and cause the
system to pass to states of unstable equilibrium have a
one-dimensional character.

We shall dwell on the question of the nonlinear coup-
ling of two narrow spectra. Integrating system (3. 1)
with account for the expression for the probability (2.3),
we can reduce the problem to a system of first-order
equations

igi = a (N5IV* — NyIN* — N,INY, N (ky) = Ny

N o G (NIV — NIV — NNJ), N (i) = I}

6;\;5 _ ___;_ (NoIN* — N)'N* — N{NJY,  N° (k) = N*
e M T L

It may easily be verified that the conservation law is
fulfilled:

d : -
= [N'ooAk; 4+ NylogAks + Noo,Ak] = 0. (3. 4)
System (3. 3) has the integrals
N4 Nt= A4, N{+2N*=B (3. 5)

4. We shall consider the question of the generation by a narrow
spectrum of plasma waves Nll of a spectrum of acoustic waves N8
and of a single red spectral-satellite Note| kg < | kv |, which will be
realized if, for example, at the initial moment t = 0 there is no ion~
sound wave field N*0 = 0 and a small number of "seeding” quanta
No'® <€ V'Y are present. Substituting (3.5) in (3.3) we get, assuming
4 = N]lo _J_ sz B = Nllo

N,
a

o 2
-5 (4N} — N,9) (Nll" — N+ 5 NQIO)- (4. 1)

Everywhere in the calculations we have neglected Ny'® in compari-
son with Ny/®, with the exception of the term in the second bracker,
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since it is indispensable for the system to pass from the state of unsta-
ble equilibrium, It is clear from expression (4. 1) that as a result of the
development of an instability the system of two lines will pass to a
state with Ny® =1y N0, Ny®=3) N1!0 N°© 3/, N,*°

The solution of (4. 1) has the form

", -+ %2 N, oxp (—3/s NiPaz)
ANS'O 197 Ny oxp (— 3o NoPait)

Ny (1) = Ny® (4.2)

We note that the process of spectral redistribution of waves does not
depend on kg for k<€1/2 ), for ki~1/2), the increment o changes to
a(l + 4 K he?), i.e., the transfer slows down. A consideration of the
process of the formation of a single red satellite is justified by the fact
that such a process is an "elementary cell” of the complicated process
of the evolution of any broad one-dimensional spectrum of plasma
waves in the presence of a sufficiently low noise level.

N
=

/

\

] 6 24

Fig. 1

5, We shall consider the problem of the growth of a single v101et
satellite Nll of a given narrow basic spectrum, designated by Nz , when
there is a high level of ion-sound waves in the plasma. Without restrict-
ing the generality of the argument, we may assume that k, lies in the
limits 1 / A<& k2 < ko, and that the wave number of the violet satellite
k> ko. We may then use the same system (3. 3), while for the appear-
ance and growth of a violet satellite with k= 2ko— k1 we must have
present in the spectrum N° (k) waves with

by = Jry — k2 = 2(ky — k2) >0,

We note that for| k3 | <C ko two violet satellites (on fusion with ion-
sound waves) with directions parallel and antiparallel to that of k; may
be formed. Determining the constants A and B in the integrals (3.5) in
accordance with the problem under consideration

NN =N, W 2N =N ¢.1)
we obtain a further equation for NZZ, setting (5. 1) in (3.3),
EAAS A . _
—a:“ =—5[4 (V' + NS (AN — 5.¥.1%)
A+ NN — 28 (5.2)

For t = 0 the expression in square brackets is positive, and so Nzl

begins to decrease to the value N2/ The equation forn = Ng'®/ N2'",
corresponding to a zero on the right side of (5.2), will then assume the
form

4@ —5%)+ (1 —23)=0, 8 == NN, (5.3)

The solution is

n=h—4+ VE—BFTBEB-D. (6.4

The root is taken with a plus sign outside the radical, since the
ratio szlNz » becoming less than 1, attains a stable value 7, and
for N / Vo' <7 the increment changes sign and Nt does not suffer

any further change:; however, the other root of 12.4) is always less
than 7. Figure 1 illustrates the relationships

loo . 300 lL( 2)

Ny ;
—_T)Mi‘_"r](g)r E»(:J):.Ns() =1—" u

n=n@) w@®=

For NS“>> N almost half a quantum of the original spectrum passcs
to the violet satellite § = NA® N 5 0.5, i.e., an evening out of
the spectra takes place. If the spectrum N¥ is broad enough and the
process of formation of 4 second violet satellite proceeds further, then
there is clearly a tendency for them to level out with regard to nun:he:s
of waves and to form a "satellite plateau." Since u(B) — 2/, for f -, 0
for sufficiently small NSO only a third of the ion-sound waves takes part
in fusion with plasma waves (and for large N®® an even smaller portion).
For N**3>N,'" one may practically assume that NS is independent of
time.

In conclusion, we may mention that sound waves responsible for the
appearance of violet satellites may not automatically be formed on the
decay of N, with the formation of a red satellite, since these waves cor-
respond to various directions kg, We also note that if | k2| > ke, then, if
a given corresponding NS? gs present at the initial moment, we may re-
strict ourselves to considering one violet satellite only, without the
simultaneous formation of red ones, only in order to clarify the nature
of the basic processes involved in a complex system of lines whose evo-
lution is in reality described by a system of coupled equations.

6. We shall now consider the process of evolution of three lines:
the basic line given at the initial moment Nj!, and the two correspond-
ing to the red satellites Nzl and Nsl.

For &y > 3ko in accordance with the laws of conservation, such a
process may be realized. The wave number corresponding to the first
satellite is ky= 2ko— ky, and to the second ks= k3 4k,.

We note that for a one-dimensional treatment the spectra N1 and Nj
associated with the transitions Nll:i Noland Ny = N ,do not overlap,
since kgy and kgy are of different signs.

Analysis also shows that the waves of the spectrum Ni cannot result in
the appearance of yet another line, distinct from the three under consid-
ere;tion, by fusion with waves from Ng°, even for a wide initial spectrum
Nl .

I ‘/"“\
J&’ PR

ast— N

I
%

2 I B

¢ o/ dz 73 av  4s 0§

Fig. 2

In the three-dimensional case Nj and N may overlap for specific
angles, and the picture will be more cnmphcated The system of equa-
tions for a process with two red satellites \12 s ‘\13Z and a piven basic
tine Ny has the form

7
SNy IN l) 61\ -

aN,!

at d(N; N] -—-1\71

= — a (NN — NN — NNy (V3 VS — NN — '),

8N, . . aA
i = — A (NI Ny — NNy — W), = L
a Tnrs Lnrs Ing.!
=——2"(N2N1 —N] 1 ——N1N2).
aNi

o N g
- (N:xINz'\ — N{NS — NN, (6. D

D
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The system (8. 1) has three integrals

Ny 4 W' + Ngt = consty = N, (6.2)
lel 4+ 2N5® = consty = N!0 - 2N;%, No! — 2N,® = consts = — 2N,

We shall assume that

Noy% = N = NP Z N, (for t=0)

(it is necessary, however, that for the process to start N0 £ 0, and take
the guantities N2 and N0 equal to zero. Using (6.2), we obtain the
system

Ny
G = [— 4N (Ve 24 ok N (Vo] 33Ty 4 29,0,

oNg a (6.3)
51 = 5 [Vs (3N — Noh) + 20 (Vo — VYY),

Seiting the square brackets equal 1o zero, we obtain that in the
final state N, foo = 2/14 NIIO, Nzlw = 3/]4 Nlln, Nslm = 9/14 Nlm, leoo =
=0/ N0, No™® =9/ Ny'%i.e., there is a tendency for any spectrum
of longitudinal waves to "creep” into the red region.

Eliminating time in (6.3), we obtain an equation for sufficiently
pronounced y: = Vi' / A\ and ya =N/ N (i.e., neglecting N%
everywhere)

dyy (3 - by +ya (1 — ) (6.4)
aye Y2 (S — 1)
An approximaie solution of this equation has the form (Fig. 2)
0.004 \¥ 1.06-0.074
yr = 0.730 — 0.742 (| — 0052y g (6:9)

3 — ¥

Here the initial point is chosen so that 5" = yo® = 0.004.

We may conclude from the form of the functian yy(y,) that the first
satellite increases sharply, at first attaining the value ¥y, == Ny "%
/N,19 = 0.88 for y, = 0.043. At this stage the increase of the second is
vanishingly small; subsequently, Nzl begins to decrease in connection
with the growth of the second satellite, which becomes the most intense.

7. We shall ccnclude with the case when the initial spectrum Ni(ky)
corresponds to k 3>44, and the width Ak, 3> 4k.. Mathematically, the
problem is fairly complicated; we may base a qualitative discussion on
the results already obtained.

Waves of any small portion Ak; of the spectrum N ), correspond-
ing, for example, to k> 0, will create a satellite at the portion Ak,
with k= 2ke — ki <C 0, and this ensures the increase of the number of
waves at the portion close to &y — 4k,. Since Ak1>>4,lgg,we get the follow -
ing picture: the spectrum Nll" will create a spectral-satellite Nzl"
of the same width with wave numbers of opposite sign. Both spectra
will spread, being displaced to the region -of wave numbers of smaller
modulus (and frequency). In this process individual waves will pass
many times from N,l*" to Nzl' and back again, decaying with each

transition to an ion-soid wave and a plasma wave (of lower frequency
and opposite direction), gradually losing their energy in the excitation
of ion-sound waves and approaching the value of the wave number k.
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